Introduction {#Sec1}
============

Since their introduction by McCulloch and Pitts in the 1940s through the well known formal neural networks \[[@CR20]\], automata networks (ANs) are a general model of interacting entities in finite state spaces. The field has important contributions to computer science, with Kleene's finite state automata \[[@CR17]\], linear shift registers \[[@CR14]\] and linear networks \[[@CR12]\]. At the end of the 1960s, Kauffman and Thomas (independently) developed the use of ANs for the modeling of biological phenomena such as gene regulation \[[@CR16], [@CR28]\], providing a fruitful theoretical framework \[[@CR26]\].

ANs can be considered as a collection of local functions (one per component), and influences among components may be represented as a so called *interaction digraph*. In many applications the order of components update is a priori unknown, and different schedules may greatly impact the dynamical properties of the system. It is known since the works of Aracena *et al.* in \[[@CR4]\] that *update digraphs* (consisting of labeling the arcs of the interaction digraphs with $\documentclass[12pt]{minimal}
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                \begin{document}$$\ominus $$\end{document}$) capture the correct notion to consider a biologically meaningful family of update schedules called *block-sequential* in the literature. Since another work of Aracena *et al.* \[[@CR3]\] a precise characterization of the valid labelings has been known, but their combinatorics remains puzzling. After formal definitions and known results in Sects. [2](#Sec2){ref-type="sec"} and [3](#Sec3){ref-type="sec"}, we propose in Sect. [4](#Sec4){ref-type="sec"} an explanation for this difficulty, through the lens of computational complexity theory: we prove that counting the number of update digraphs (valid $\documentclass[12pt]{minimal}
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Definitions {#Sec2}
===========
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It turns out quite intuitively that some update schedules will lead to the same dynamics, when the ordered partitions are very close and the difference relies on components far apart in the interaction digraph (see an example on Fig. [1](#Fig1){ref-type="fig"}). Aracena *et al.* introduced in \[[@CR4]\] the notion of *update digraph* to capture this fact. To an update schedule one can associate its *update digraph*, which is a $\documentclass[12pt]{minimal}
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Remark 1 {#FPar1}
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The following result has been established: given two update schedules, if the relative order of updates among all adjacent components are identical, then the dynamics are identical. It leads naturally to an *equivalence relation* on update schedules, at the heart of the present work.

Theorem 1 {#FPar2}
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It is very important to note that, though every update schedule corresponds to a $\documentclass[12pt]{minimal}
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Theorem 2 {#FPar3}
---------
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In words, the multidigraph where the orientation of negative arcs is reversed, does not contain a cycle with at least one negative arc *(forbidden cycle)*.

As a corollary, one can decide in polynomial time whether a labeling is valid (**Valid-UD Problem** is in $\documentclass[12pt]{minimal}
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The following definition is motivated by Theorem [2](#FPar3){ref-type="sec"}.

Definition 1 {#FPar4}
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Remark 2 {#FPar5}
--------

We can restrict our study to connected digraphs (that is, such that $\documentclass[12pt]{minimal}
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Theorem 3 {#FPar6}
---------
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Proof {#FPar7}
-----

The following non-deterministic algorithm runs in polynomial time (**Valid-UD Problem** is in $\documentclass[12pt]{minimal}
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Further Known Results {#Sec3}
=====================

The consideration of update digraphs has been initiated by Aracena *et al.* in 2009 \[[@CR4]\], with their characterization (Theorem [2](#FPar3){ref-type="sec"}) in \[[@CR3]\]. In Sect. [4](#Sec4){ref-type="sec"} we will present a problem closely related to **\#UD** that has been proven to be $\documentclass[12pt]{minimal}
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The authors of \[[@CR3]\] have exhibited an insightful relation between valid labelings and feedback arc sets of a digraph. We recall that a *feedback arc set* (FAS) of $\documentclass[12pt]{minimal}
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The *size* of a labeling is its number of $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar8}
-------

**(appears in** \[[@CR3], Theorem 16\]**).** There exists a bijection between minimal valid labelings and minimal feedback arc sets of a digraph $\documentclass[12pt]{minimal}
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Proof (sketch) {#FPar9}
--------------

To get the bijection, we simply identify a labeling $\documentclass[12pt]{minimal}
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Any valid labeling corresponds to a FAS, and every minimal FAS corresponds to a valid labeling, hence the following bounds hold. The strict inequality for the lower bound comes from the fact that labeling all arcs $\documentclass[12pt]{minimal}
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Corollary 1 {#FPar10}
-----------

**(**\[[@CR3]\]**).** For any digraph *G*, let $\documentclass[12pt]{minimal}
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From Lemma [1](#FPar8){ref-type="sec"} and results on the complexity of FAS counting problems presented in \[[@CR22]\], we have the following corollary (minimum FAS are minimal, hence the identity is a parsimonious reduction from the same problems on FAS).

Corollary 2 {#FPar11}
-----------
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Theorem 4 {#FPar12}
---------
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Proof {#FPar13}
-----

We present a (polynomial time) parsimonious reduction from the problem of counting the number of acyclic orientations of an undirected graph, proven to be $\documentclass[12pt]{minimal}
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We claim that there is a bijection between the valid labelings of $\documentclass[12pt]{minimal}
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Quasi-quadratic Time Algorithm for Oriented Cacti {#Sec5}
=================================================

The difficulty of counting the number of update digraphs comes from the interplay between various possible cycles, as is assessed by the parsimonious reduction from acyclic orientations counting problem to $\documentclass[12pt]{minimal}
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Definition 2 {#FPar14}
------------

A *cactus* is a connected undirected graph such that any vertex (or equivalently any edge) belongs to at most one simple cycle (cycle without vertex repetition). An *oriented cactus* *G* is a digraph such that $\documentclass[12pt]{minimal}
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Cacti may intuitively be thought as trees with cycles. This is indeed the idea behind the *skeleton* of a cactus introduced in \[[@CR9]\], via the following notions:a *c-vertex* is a vertex of degree two included in exactly one cycle,a *g-vertex* is a vertex not included in any cycle,remaining vertices are *h-vertices*,and a *graft* is a maximal subtree of g- and h-vertices with no two h-vertices belonging to the same cycle. Then a cactus can be decomposed as grafts and cycles (two classes called *blocks*), connected at h-vertices according to a tree skeleton. These notions directly apply to oriented cacti (see an example on Fig. [4](#Fig4){ref-type="fig"}).Fig. 4.An oriented cactus *G*, with $\documentclass[12pt]{minimal}
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Theorem 5 {#FPar15}
---------
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Proof {#FPar16}
-----

The result is obtained from the skeleton of an oriented cactus *G*, since potential forbidden cycles are limited to within blocks of the skeleton. From this independence, any union of valid labelings on blocks is valid, and we have the product$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \#\texttt {UD}(G)= \prod _{H \in \mathcal G} 2^{|H|} \prod _{H \in \vec {\mathcal C}} (2^{|H|}-1) \prod _{H \in \mathcal C} (2^{|H|}-2) $$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal G$$\end{document}$ is the set of grafts of *G*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\vec {\mathcal C}$$\end{document}$ is the set of cycles forming directed cycles, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal C$$\end{document}$ is the set of cycles not forming directed cycles, and \|*H*\| is the number of arcs in block *H*. Indeed, grafts cannot create forbidden cycles hence any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\oplus ,\ominus \}$$\end{document}$-labeling will be valid, cycles forming a directed cycle can create exactly one forbidden cycle (with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ominus $$\end{document}$ labels on all arcs), and cycles not forming a directed cycle can create exactly two forbidden cycles (one for each possible direction of the cycle). In a first step the skeleton of a cactus can be computed in linear time \[[@CR9]\]. Then, since the size *n* of the input is equal (up to a constant) to the number of arcs, the size of the output contains $\documentclass[12pt]{minimal}
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Remark 3 {#FPar17}
--------

Assuming multiplications to be done in constant time in the above result would be misleading, because we are multiplying integers having a number of digits in the magnitude of the input size. Also, the result may be slightly strengthened by considering the $\documentclass[12pt]{minimal}
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Series-Parallel Decomposition Method {#Sec6}
====================================

In this section we present a divide and conquer method in order to solve **\#UD**, *i.e.* in order to count the number of valid labelings (update digraphs) of a given digraph. What will be essential in this decomposition method is not the orientation of arcs, but rather the topology of the underlying undirected (multi)graph $\documentclass[12pt]{minimal}
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Sequential, Parallel, and Free Compositions {#Sec7}
-------------------------------------------
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### Definition 4 {#FPar19}

We define three types of compositions (see Fig. [5](#Fig5){ref-type="fig"}).
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### Lemma 2 {#FPar20}
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### Proof (sketch) {#FPar21}

The result is obtained by considering the 36 couples of some $\documentclass[12pt]{minimal}
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### Lemma 3 {#FPar22}
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### Proof (sketch) {#FPar23}

The proof is analogous to Lemma [2](#FPar20){ref-type="sec"}, except that some couples may create invalid labelings.    $\documentclass[12pt]{minimal}
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Note that Remark [3](#FPar17){ref-type="sec"} also applies to Lemmas [2](#FPar20){ref-type="sec"} and [3](#FPar22){ref-type="sec"}. For the free composition the count is easier.

### Lemma 4 {#FPar24}
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### Proof {#FPar25}
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Application to Oriented Series-Parallel Graphs {#Sec8}
----------------------------------------------

The series and parallel compositions of Definition [4](#FPar19){ref-type="sec"} correspond exactly to the class of two-terminal series-parallel graphs from \[[@CR25], [@CR29]\].

### Definition 5 {#FPar26}
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                \begin{document}$$(G,\alpha ,\beta )$$\end{document}$ is obtained by a series or parallel composition[1](#Fn1){ref-type="fn"} of two ttsp-graphs.

In this case *G* alone is called a *blind* ttsp-graph.

Adding the free composition allows to go from two-terminal series-parallel graphs to (general) series-parallel graphs \[[@CR11], [@CR29]\]. More precisely, it allows exactly to add tree structures to ttsp-graphs, as we argue now (ttsp-graphs do not contain arbitrary trees, its only acyclic graphs being simple paths; *e.g.* one cannot build a *claw* from Definition [5](#FPar26){ref-type="sec"}).

### Definition 6 {#FPar27}

A multigraph *G* is *series-parallel (sp-graph)* if and only if all its 2-connected components are blind ttsp-graphs. A digraph *G* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{G}$$\end{document}$ is an sp-graph, is called an *oriented sp-graph (osp-graph)*.

The family of sp-graphs corresponds to the multigraphs obtained by series, parallel and free compositions from base ss-graphs.

### Theorem 6 {#FPar28}

*G* is an sp-graph if and only if $\documentclass[12pt]{minimal}
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### Proof (sketch) {#FPar29}

Free compositions allow to build all sp-graphs, because it offers the possibility to create the missing tree structures of ttsp-graphs: arbitrary 1-connected components linking 2-connected ttsp-graphs. Moreover free compositions do not go beyond sp-graphs, since the obtained multigraphs still have treewidth 2.    $\documentclass[12pt]{minimal}
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### Theorem 7 {#FPar30}
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### Proof (sketch) {#FPar31}

This is a direct consequence of Lemmas [2](#FPar20){ref-type="sec"}, [3](#FPar22){ref-type="sec"} and [4](#FPar24){ref-type="sec"}, because all values are in $\documentclass[12pt]{minimal}
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Again, Remark [3](#FPar17){ref-type="sec"} applies to Theorem [7](#FPar30){ref-type="sec"}.

Conclusion {#Sec9}
==========
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Remark that cliques or tournaments are intuitively difficult instances of **\#UD**, because of the intertwined structure of potential forbidden cycles. It turns out that $\documentclass[12pt]{minimal}
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                \begin{document}$$K_4$$\end{document}$-minor-free graphs \[[@CR11]\] (it is indeed closed by minor \[[@CR27]\]). In further works we would like to extend this characterization and the decomposition method to (di)graphs with multiple endpoints.

The complexity analysis of the algorithms presented in Theorems [5](#FPar15){ref-type="sec"} and [7](#FPar30){ref-type="sec"} may be improved, and adapted to the parallel setting using the algorithms presented in \[[@CR7], [@CR15]\]. One may also ask for which other classes of digraphs is $\documentclass[12pt]{minimal}
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                \begin{document}$$\#\texttt {UD}(G)$$\end{document}$ computable efficiently (in polynomial time)? Since we found such an algorithm for graphs of treewidth 2, could it be that the problem is fixed parameter tractable on bounded treewidth digraphs? Rephrased more directly, could a general tree decomposition (which, according to the proof of Theorem [6](#FPar28){ref-type="sec"}, is closely related to the series-parallel decomposition for treewidth 2) be exploited to compute the solution to **\#UD**? Alternatively, what other types of decompositions one can consider in order to ease the computation of $\documentclass[12pt]{minimal}
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Finally, from the multiplication obtained for one-point join of two graphs (Lemma [4](#FPar24){ref-type="sec"} on free composition), we may ask whether $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\#\texttt {UD}(G)$$\end{document}$ is an evaluation of the Tutte polynomial? From its universality \[[@CR8]\], it remains to know whether there is a deletion-contradiction reduction. However defining a Tutte polynomial for directed graphs is still an active area of research \[[@CR6], [@CR10], [@CR24], [@CR30]\].

With Definition [4](#FPar19){ref-type="sec"} applied to (undirected) ss-graphs.
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